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Mathematical Modeling of Tracer Behavior in Short-Term Experiments 
in Fissured Rocks 
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Transport equations for a single fissure in a porous matrix are coupled with a chemical model 
allowing for both an instantaneous equilibrium governed by a linear adsorption isotherm and a 
nonequilibrium kinetic reaction of the first order. The fitting procedure of the obtained solution is 
improved by additional fitting ofthe mass recovery curves; i.e., the fitting consists of a trial-and-error 
procedure applied in tum to the concentration tracer curve and the mass recovery curve until a given 
set of parameters gives the best fit of both theoretical curves to the experimental data. The model is 
tested against known multitracer experimental data from a fissured chalk formation. It is shown how 
some physical parameters can be obtained by a combined interpretation of the tracer and pumping 
data. However, in the case of adsorbable tracers some of the parameters must be known from a 
nonsorbable tracer experiment. In spite of its approximate nature the model works surprisingly well 
for nonsorbable tracers and reasonably well for sorbable solutes. 

INTRODUCTION 

The movement of solutes in fissured rocks has attracted a 
lot of attention since the early works of Grisak and Pickens 
[1980], Grisak et al. [1980], and Neretnieks [1980], though 
most of the authors concentrated on the movement of 
continuously injected pollutants. Maloszewski and Zuber 
[1985] showed that in short-term tracer experiments the 
mathematical model of diffusion from a single fissure to the 
microporous matrix yields satisfactory estimates of the 
water flow velocity, in spite of a different behavior of the 
tracer and the traced mobile water. In a recent work, 
Maloszewski and Zuber [1989] interpreted a multitracer 
experiment of Gamier et al. [1985) with the aid of the 
single-fissure dispersion model, assuming for an adsorbable 
tracer (H 13C03) an instantaneous equilibrium between the 
solid and liquid phases in the matrix, governed by the linear 
adsorption isotherm. The parameters obtained were much 
more internally consistent and logical than those from the 
original interpretation of Garnier et al. [1985], though still 
not free of some ambiguities, because the dispersivity ob­
tained from the H 13C03 tracer curve differed considerably 
from that obtained from other tracer curves (DzO, 1-, and 
uranine). In this paper it is shown how a proper normaliza­
tion (concentration divided by mass or activity injected) 
exhibits differences between particular tracer curves, which 
result from diffusion into the matrix and possible interaction 
with the solid phase. In comparison with our earlier works a 
more refined model of adsorption is applied, which includes 
for the matrix both an instantaneous equilibrium governed 
by a linear adsorption isotherm and the first-order nonequi­
librium kinetic reaction. In order to avoid too much com­
plexity the tracer adsorption on fissure walls is approxi~ated 
only by instantaneous. equilibrium governed by a hnear 
adsorption isotherm. The interpretation is also improved by 
additional fitting of the theoretical mass recovery curves 
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(cumulative tracer curves) to the experimental data, which 
according to Klotz et al. [1988) is particularly suitable for the 
interpretation of adsorable tracers. 

THE GENERAL MonEL 

It has been shown that the transport of solutes in fissured 
rocks with a porous matrix may be approximated by the 
dispersion equation formulated for a system of parallel 
fissures coupled with the diffusion equation in the matrix 
[Sudicky and Frind, 1982; Maloszewski and Zuber, 1985]. In 
the case of adsorbable solutes, additional equations are 
needed to describe the assumed adsorption model. In this 
work the following governing equations are used. 

For solute transport in water in the fissures, 

iJCJ iJCJ CJ
2
CJ npDp iJcp 

Rar;+ v iJx -D ax2 --b- ay-iy=b = 0 (1) 

For solute transport in water in the matrix, 

(2) 

For solute distribution between the water and solid phases 
of the matrix, 

(3) 

(4) 

where c1 and cP are the solute conc~ntrations .per un!t 
volume of water in the fissures and matnx, respectively, t 1s 
the time variable, x is the spatial coordinate taken in the 
direction of flow, y is the spatial coordinate perpendicular to 
the fissure extension, v is the mean water velocity in the 
fissures, D is the dispersion coefficient in the fissures, np is 
the matrix porosity, Dp is the molecular diffusion coefficient 
in the matrix, b is the half-fissure aperture, pis the density of 
matrix material, <1> 1 is the mass transfer of solute between 

1517 



1518 MALOSZEWSKI AND ZUBER: TRACER BEHAVIOR IN FISSURED ROCKS 

the liquid and solid phases in the matrix governed by a linear 
adsorption isotherm and an instantaneous equilibrium, ci>2 is 
the mass transfer of solute between the solid and liquid 
phases in the matrix governed by a first-order nonequilib­
rium kinetic reaction, q 1 and q2 are the partial solute 
concentrations in the solid phase expressed per unit weight 
of the solid material, k3 is the distribution coefficient for an 
instantaneous equilibrium expressed in units of volume per 
unit weight of the solid material, k 1 and k2 are the forward 
and backward rate constants for nonequilibrium kinetic 
reaction, respectively, and RaJ is the retardation factor in the 
fissures resulting from an equation similar to (3) but formu­
lated for the fissures. 

It will be recalled that convective flow in the matrix is 
equal to zero and that the tracer distribution across the 
fissure width is constant as a result of sufficient transverse 
dispersion and diffusion. A decay term is omitted, which 
means that considerations of this paper are limited to non­
decaying solutes or to radioisotopes instantaneously injected 
and corrected for the radioactive decay. When (1) is applied 
to a groundwater system containing more than one fissure, b 
is the effective half-fissure aperture, and D is the effective 
dispersion coefficient resulting from the spectrum of veloci­
ties in fissures. If the fissures are not interconnected, the 
dispersion coefficient will be proportional to both the veloc­
ity and distance; i.e., the dispersivity, Dlv, will be propor­
tional to the distance, which imposes some limitations on the 
applicability of the dispersion model. If the fissures are 
interconnected and the scale of an experiment is large 
enough, the dispersivity will probably reach an asymptotic 
value, and the model should be less restricted. 

The liquid-solid phase reaction model of (2}-(4) is that 
developed by Cameron and Klute [1977] for granular media 
and successfully applied by Klotz eta/. [1988] for modeling 
85Sr transport in sands. 

THE BOUNDARY AND INITIAL CONDITIONS 

The conditions for which (1}-(4) were solved are as 
follows: 

cj(x, 0) == 0 (Sa) 

cj(O, t) == (MIQ)B(t) (Sb) 

cj(oo, t) = 0 (Sc) 

Cp(Y, x, O) := 0 (Sd) 

cp(b, x, t) == cj(x, t) (Se) 

Cp(oo, X, t) == 0 (Sf) 

qJ(X, 0) == 0 (Sg) 

qb, 0) =0 (Sh) 

where M is the mass or activity of tracer instantaneously 
injected'. Q is the volumetric flow rate through the system, 
and B(t) IS the Dirac delta function. Equation (Sb) defines the 
tracer concentration in the so-called flux concentration term 
[e.g., Kreft and Zuber, 1978, 1986], whereas in (Se) both 
concentrations should be expressed in terms of resident 
concentration. However, if D/(vx) < 0.1, both concentra­
tions are practically the same. Equation (Sf) defines the 

single-fissure approximation which has been shown by Mal­
oszewski and Zuber [198S] to be valid for short-term tracer 
experiments. Such an experiment is defined as that in which 
the tracer has insufficient time to penetrate the matrix deeply 
enough to be influenced by the adjacent fissures. Examples 
given by Maloszewski and Zuber [198S] seem to suggest that 
experiments with a mean flow time up to 1 month are usually 
very well interpretable by the single-fissure approximation. 

SOLUTION 

The solutions of (1)-(4) with boundary conditions (S) are 
shown in the appendix. The concentration of tracer as a 
function of time for a given distance (x) reads as follows: 

aM 
c1(t) = Z7TQ (Pe t~) 112 

· { ft exp [- Pe
1 
(t~- u) 2 - k{(t- u) 

)
0 

4ut0 

l t [ Pe(tb- u)
2 

] 
· exp 

1 
-kl(t-u) u- 112 

0 4ut0 

l t [ (au)
2 

] · exp ---- (kl- k2)('1'- t) 
' (-r- u) 

dr du } 
• I1[4k{k2(r- u)(t- -r)] 112 --. 112 T- U (t- T) 

(6) 

where 

kj == ktfRap (7) 

Rap = (1 - np)pk3/np (8) 

a= npRap(DpiRap) 1121 (2bRaf) = np(DpRap) 112! (2bRaf) 

Pe = vx/D 

(9) 

(10) 

(11) 

where t 0 is the mean transit time of water (xlv or VIQ, where 
V is the mobile water volume in the system and Q is the 
volumetric flow rate through it) and Pe is the Peclet number. 

The fitting (sought) parameters of the model are a, t~, Pe, 
k\, and k2 , whereas the departure parameters are t

0 
or v, 

D/v, Rap• RaJ• k1, k2, DP, nP, and 2b. The number of fitting 
parameters in (6), in comparison with the number of depar­
ture parameters having a direct physical meaning, is reduced 
by applying (7); (9), and (11). This solution is called here 
generally the single-fissure dispersion model (SFDM). 

In the case of ci>2 = 0, i.e., k1 = k2 = 0, (6) simplifies to 

Ma 
cj(t) = Z7TQ (Pe tb) 

112 

Lt [ Pe(tb- u)
2 

a 2u2
] du 

· exp - ---
4ut~ t - u [u(t - u) 3] 1/2 

(12) 
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Fig. l. An example of theoretical tracer concentration and mass 
recovery curves for t0 12 hours and Pe "" 0.005 in the case of no 
diffusion and no adsorption (a = 0, R<if = Rap I, k1 = k2 0), 
diffusion without adsorption (a > 0, R<if Rap 1, k1 k2 = 0), 
and diffusion with kinetic adsorption (a> 0, R!!( =Rap = 1, k1 > 0, 
k2 > O) (a is in hours -1!2, k1 and k2 in hours- ). 

which is equivalent to (15) in the work by Maloszewski and 
Zuber [1985] but has a much more convenient form for 
numerical calculations. The fitting parameters of this model 
are t~, a, and Pe, whereas the departure parameters are t 0 , 

Pe, Rap• Raj, Dp, nP, and 2b. 
In Figure 1 an example is shown to demonstrate how the 

model works in comparison with the case of no diffusion into 
the matrix (a 0). In the case of diffusion without adsorp­
tion the tracer curves are lower and shifted to longer times in 
comparison with the curves in the no-diffusion case. If the 
rate constants differ from zero, the tracer peaks are further 
reduced in comparison with the case of no adsorption, and 
the tail is prolonged. However, for the low values of k1 and 
k2 shown in Figure 1 the position of maximum concentration 
may be shifted to earlier times in comparison with the case of 
no adsorption. For large values of k1 and k2 a reversal shift 
to greater times is observed (not shown here). The mass 
recovery curves, obtained by numerical integration of (6) or 
(12), are also shown. These curves give a better insight into 
the behavior of tracers at the tailing parts and allow for the 
discovery of nonreversible losses, as will be shown later. 

DISCUSSION OF PARAMETERS 

For an ideal tracer, R<if =Rap = 1 and k1 = k2 0. In such 
a case, as mentioned earlier, there are three fitting parame-
ters t' t Pe and a where according to (9), a is then 

) 0 0' ) ' 

given as 

(13) 

which means that if a is found from a tracer experiment and 
if n and D are obtained from laboratory measurements on 
cor~ sampl~s, the fissure width 2b is directly determinable 
from that formula. 

Another approach proposed by Maloszewski and ~uber 
[1985] is applicable in the case of a tracer expenment 
combined with a pumping test [Zuber, 1974]. In such a case, 
if the volume of the depression cone is negligible in compar­
ison with the volume of water in the investigated part of the 

system (i.e., water in the cylinder of radius x and height h), 
the fissure porosity nf is given as 

(14) 

where Q is the volumetric pumping rate, h is the thickness of 
the aquifer, and x is the distance between the wells. The 
fissure porosity, in turn, may serve for estimation of the 
fissure width for a given model of the fissure network. For 
instance, for a model of a network of tortuous fissures of the 
same width the following formula was obtained [Zuber, 
1974]: 

(15) 

where K is the permeability coefficient and TJ is the tortuos· 
ity factor for fissures. Equation (15) is very close to equa­
tions derived for a network of capillaries [Saffman, 1959] or 
for a network of tortuous capillaries [Pirson, 1963]. This 
equation may be rearranged to a more practical form, 

(16) 

where 2b is expressed in centimeters and k 10 is the hydraulic 
conductivity at 10°C expressed in meters per day. 

The matrix porosity np can be found from (13) by putting 
[Neretnieks, 1980] 

(17) 

where 6 is the constrictivity which depends on pore and 
diffusing component sizes, Tp is the tortuosity factor for the 
matrix, and Dv is the coefficient of diffusion in free water. 
Substituting (17) into (13) gives 

np [(2ba) 2
T pi (oDv)] 113 (18) 

for a nonsorbing substance (ideal tracer). However, if the 
diffusion coefficient in the matrix is sought from (13), the 
matrix porosity has to be known independently. 

For reactive tracers the number of fitting parameters is so 
large that no unambiguous interpretation is possible without 
a prior determination of t0 , a, and Pe from an ideal tracer 
experiment. When a good fit is also obtained for a reactive 
tracer curve, the RaJ· factor can be found by comparison oft~ 
with t0 , whereas Rap can be found by comparison of the 
values of the a parameter obtained from both curves if the 
Dp values for both tracers are known. The rate constants, k1 
and k'z, are determined directly. It remains unknown if the 
field values of the reaction parameters can be predicted from 
laboratory batch or column experiments. However, for a 
better understanding of the physical meaning of the reaction 
parameters the following formulas may be used. 

The RaJ factor is expressed as [e.g., Freeze and Cherry, 
1979; Maloszewski and Zuber, 1985] 

(19) 

where ka is defined as the distribution coefficient for the 
concentration in the solid phase, q s, expressed per unit rock 
surface, 

(20) 

According to (19), for a large fissure aperture the Raj factor 
is close to 1, but for a strongly adsorbed tracer and a very 
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thin fissure it may differ from 1. Its estimation requires the 
measurement of ka and b. 

In order to be consistent with the previous notation, 
(19)-(22) should be understood as applicable for an instan­
taneous equilibrium. However, they are also applicable for 
the asymptotic equilibrium represented later by (23). 

Under an assumption of a microporous matrix consisting 
of a set of parallel and equal diameter (de) capillaries, the 
Rap factor can be expressed as [Malosz.ewski and Zuber, 
1985] 

Rap 1 + 4k,/dc (21) 

The distribution coefficient defined for a hard rock, or 
more generally for any geometrical form of the material, can 
be related to the distribution coefficient (k3 or kd) measured 
on the fine ground material consisting of spheres by [Mal­
oszewski and Zuber, 1985] 

(22) 

where the grain size curve of the ground material is divided 
into j groups of weight fractions, v;, and the radii of ri. 

It is evident that whereas some estimate of ka is possible, 
an independent determinations of Rap requires also the 
microscope observations of the micropore dimensions and 
shape. In the case of a simple model given by (21) it is 
sufficient to know the diameter of the micropores. 

The reaction parameters, k1, k2 , and k3 , are related to the 
commonly known distribution coefficient, kd, by the follow­
ing formula: 

np k1 
k3+----

(1- np)P k2 
(23) 

which may be deduced from (3) and (4). The larger the k/k2 
ratio, the larger the kd value, whereas an increase in both k1 
and k2 leads to a faster equilibration. 

It has to be remembered that (23) is valid only for a given 
system. For a transfer of the reaction parameters obtained in 
laboratory experiments on a granular material to hard rock in 
the field, or vice versa, a model relating the surface available 
for sorption with other parameters of the system is required, 
similar to that discussed above for an instantaneous equilib­
rium reaction. It is self-evident that batch experiments 
should not be limited to the determination of kd values but 
should also cover observations of the reaction kinetics. 

THE ExPERIMENTAL DATA 

A unique opportunity to compare the behavior of different 
tracers and to validate our model is offered by the multi­
tracer experiment performed by Gamier et al. [1985] in a 
fissured chalk formation overlain by clays and silts. The 
transmissivity of that chalk is (1.5-2.0) X 10-3 m2/s (J. M. 
Garnier, private communication, 1987), which for the thick­
ness of 32.8 m yields the hydraulic conductivity (4.6-6.1) x 
10-5 m/s = 4.0-5.3 mid. The injection well was screened 
over the depth of 19.9-29.9 m (10m), and the pumping well 
situated at a distance of 10.22 m was screened over the depth 
of 19.17-34.17 m (15 m). The pumping was performed with 
the flow rate of 20.8 m3/h. Four tracers, D20, r, uranine 
(disodium fluorescine), and H 13C03 , were instantaneously 
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Fig. 2. Tracer curves of Garnier et al. [1985] normalized to the 
injected mass. 

injected, and their concentrations measured in pumped 
water. The four tracer curves were presented by Garnier et 
al. [1 985] in a very common but unfortunately very obscure 
method in which each curve is normalized to its maximum 
concentration value. The most proper way for comparing 
different tracer curves obtained in a single experiment is to 
normalize all the concentrations by dividing the measured 
concentration of a given tracer by its injected mass or 
activity. Such a normalization was done here by making use 
of the values of maximum concentrations and injected 
amounts of tracers given by Gamier et a/. [1985]. Properly 
normalized tracer curves are shown in Figure 2. Unfortu­
nately, the accuracy of the experimental data obtained in this 
way remains unknown. Nevertheless, it is quite clear that 
particular tracer curves differ considerably; this was not so 
visible when they were normalized to the maximum concen­
tration. From the inspection of the curves shown, it may 
qualitatively be said that the highest peak for uranine results 
from a low-diffusion coefficient of that tracer and, in conse­
quence, relatively small diffusion into and out of the matrix. 
Both heavy water (D20) and iodine have much lower peaks 
than uranine, probably as a result of higher values of 
diffusion coefficients and consequently greater diffusion into 
and out of the matrix. The iodine curve lies in the initial and 
tailing parts below the D20 curve, which means that this 
tracer is to some degree adsorbed. On the other hand, 
H 13C03- is apparently strongly lost by sorption in the 
matrix. All these findings will be quantitatively verified 
further by the values of parameters obtainable from the 
developed model. 

FITTING OF THE MoDEL AND EVALUATION 

OF THE PARAMETERS 

The model given by (1)-(4) and their solutions, (6) and 
(12), is valid for unidimensional flow, whereas the available 
experimental data were obtained in radial flow. However, 
there are physical reasons to expect the unidimensional 
model to work satisfactorily for the radial flow when the 
tracer is injected in a well situated within the radial symme­
try of the depression cone and its concentration measured in 
the pumping well. These physical reasons are related to the 
convergence of flow lines in the pumping well, which dimin­
ishes the effects caused by transverse dispersion. Examples 
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Fig. 3. Fitting of (12) for DzO without fitting ofthe mass recovery 
curves (parameters given in Table 1). 

of a good fit of the unidimensional model and reasonable 
values of parameters reported in a number of papers seem to 
confirm such an approximation [e.g., Lenda and Zuber, 
1970; Zuber, 1974; Maloszewski and Zuber, 1985]. A con­
verging radial flow created by pumping is especially suitable 
for tracer experiments in fissured microporous rocks be­
cause it allows inclusion of the concept of mass recovery 
into the fitting procedure, which improves the interpretation, 
as will be further demonstrated. 

Identification of Parameters 

Making use of simple reaction model (equation (12)) 
without additional fitting of mass recoveries. Figures 3-6 
show the experimental data of Figure 2 and the theoretical 
curves of "the best fit" for (12) in the case of normalization 
to the maximum concentration value, i.e., without taking the 
mass recovery into account. Parameter values are given in 
Table I. Maloszewski and Zuber [1989] have already dis­
cussed the values of some parameters obtained from that 
interpretation and their internal consistency in comparison 
with the parameters estimated by Garnier eta/. [1985]. The 
only inconsistency reported by Maloszewski and Zuber 
[1989] was in the value of the dispersivity obtained from the 
H 13 Co,- tracer curve, which differed considerably from the 
value obtained from all the other tracer curves (1.2 versus 
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Fig. 5. Fitting of (12) for I- without fitting of the mass recovery 
curves (parameters given in Table 1). 

0.3 m, respectively). A search for a better model, performed 
within this work, disclosed an additional inconsistency man­
ifested by a lack of fitting for the mass recovery curves as 
demonstrated in Figures 3-6. 

It should be noted that contrary to our earlier suggestion 
[Ma/oszewski and Zuber, 1989] the fit is not improved by the 
inclusion of a possible process of adsorption on the fissure 
wall because it changes only the physical meaning of two 
fitting parameters (t 0 and a). If the differences in t0 values 
given in Table 1 are treated as differences between t 0 and t~ 
values, an unreasonable high RaJ value is obtained, which, in 
turn, leads to an unreasonably high ka value. Because of that 
the RaJ factor was assumed to be equal to unity. 

Within this work it was assumed that the micropores in the 
chalk are sufficiently large to ensure a= 1 and that Tp = 1.5. 
The following values of the diffusion coefficients Dv were 
used: 2.5 x 10-5 cm 2/s for D20, 4.5 X 10-6 cm2/s for 
uranine [Skagius and Neretnieks, 1986], 1.6 X w-5 cm2/s 
for iodine [Skagius and Neretnieks, 1986], and 10-5 cm2/s 
for H 13 C03 (from the data reported by Garnier et a/. 
[1985]). 

It has to be stressed that the accuracy of the matrix 
porosity determination depends on the validity of assump­
tions related to the diffusion coefficients. Equation (18) is not 
applicable for finding llp if a < 1. 
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Fig. 6. Fitting of (12) for H 13C03 without fitting of the mass 
recovery curves (parameters given in Table 1). 
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TABLE I. Parameters Obtained From Equation (12) Without Fitting of the Recovery and Assuming RaJ= 1.0 

to, 
Tracer hours 

D 20 1.0 
Uranine 1.15 
I- 1.25 
H 13 CO:) 0.90 

"Equation (14). 
bEquation (16). 
cEquation (I 7) and (18). 
dAssumed. 

Fitted Parameters 

Pe- 1 

0.03 
0.03 
0.03 
0.12 

'Calculated from equations (9) and (17). 

a, 
hours -I/2 

1.4 
0.45 
0.95 
2.0 

The ranges of parameters given in Table 1 result from 
taking the end values of known parameters of the formation 
(h = 15-32.8 m, k10 = 4.0-5.3 m/d, and TJ = 1.5-2.5). For 
H 13 C03- it is necessary to assume that the Rap factor differs 
from unity. Its value was found from (9) and (17) with 8 = 1 
for the mean matrix porosity estimated from other tracer 
data and for the extreme values of 2b determined from (9) for 
the D20 tracer curve. 

It is obvious from Table 1 that (12) does not work properly 
for H 13C03- because the Peclet number obtained from this 
tracer curve differs considerably from the values obtained 
for all the other tracer curves. It is also evident that the 
experimental mass recoveries for that tracer as well as for I­
are much lower than the values expected theoretically, 
which means that considerable amounts of these two tracers 
were lost. It should be noted that in spite of a common 
opinion, I- is not quite a conservative tracer, as in accor­
dance with other works [e.g., Behrens, 1985; Maloszewski et 
al., 1980]. 

Additional fitting of mass recoveries and making use of a 
model combining instantaneous equilibrium and nonequilib­
rium kinetic reactions (equation (6)). As shown earlier, a 
simplified model represented by (12) yielded neither a con­
sistent Pe value from the H 13 C03- tracer curve nor proper 
mass recoveries especially for that tracer and I-. A more 
refined model represented by (6) was used for the interpre­
tation of these two tracers and additional fitting of the mass 
recoveries applied to all the tracer curves (Figures 7-10). 
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Fig. 7. Fitting of (12) for D20 with additional fitting of the mass 
recovery curves (parameters given in Table 2). 

Calculated Parameters 

nf, a 2b,b np, c 

% ~-tm % Rap 

0.19-D.42 200-570 26-47 I.Od 
0.22-0.49 180-530 18-37 I.Od 
0.24-0.52 180-500 20-39 J.Od 
0.17-D.38 210--600 36d 1.6--12.8' 

The fitting consists of a trial-and-error procedure applied in 
turn to the concentration tracer curve and the mass recovery 
curve until a given set of parameters gives the best fit of both 
the theoretical curves to the experimental data. The fitting 
procedure is stopped when the sum of the squared differ­
ences between the theoretical and experimental values is at 
minimum. 

Unfortunately, it was not possible to obtain a good fit 
without assuming that 9% of each tracer is missing; i.e., all 
the theoretical mass recovery curves had to be multiplied by 
0.91. Most probably, 9% of the injected solution was trapped 
in the unscreened part of the injection well. For the sake of 
consistency the mass recovery curves given in Figures 3-6 
were also corrected for the lost tracer. 

The parameters obtained for all four tracers from the new 
interpretational procedure and the new model are summa­
rized in Table 2. The most striking feature is the decrease of 
t0 and Pe -I for D20 and uranine in comparison with the 
values shown in Table 1, though in both cases the same 
model (equation (12)) was applied. This means that the fitting 
of mass recoveries improves the interpretational procedure 
considerably. It should be mentioned here that the normal­
ization to the maximum concentration causes a loss of 
information on the mass recovery. It appears that in prac­
tice, a good fit of the concentration curves is a necessary, 
though not sufficient, condition for a good fit of the mass 
recovery. Therefore an additional fitting of the mass recov­
ery curves improves the interpretation. 
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Fig, 8. Fitting of (12) for uranine with additional fitting of the mass 
recovery curves (parameters given in Table 2). 
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Fig. 9. Fitting of (6) for I- with additional fitting of the mass 
recovery curves (parameters given in Table 2). 

The new fitting procedure still did not yield the same 
transit time of water, (t 0 ), from the D20 and uranine tracer 
curves. The discrepancy cannot be explained in terms of 
RaJ > 1, because an unreasonably high ka value would then 
appear, which in turn would yield a high Rap value. The 
origin of this discrepancy remains unknown. However, 
uranine is undoubtedly not an ideal tracer, though in this 
case the sorption effects are not strong enough to show 
which parameters play an important role. 

The new model (equation (6)) enables a good fit of mass 
recoveries for both I- and H 13C03-, which was not obtain­
able for the model given by (12) with either Raj = 1 
[Ma/oszewski and Zuber, 1989] or Raj > 1 (this work). 
However, it is not possible to determine five fitting param­
eters independently because of their interplay which is 
demonstrated by an example in Figure 9 and Table 2 for 1-, 
where the same good fit was obtained for two sets of 
parameters. Therefore for adsorable tracers (I- and 
H 13 C03-), both t0 and Pe determined from the D20 exper­
iment were fixed as known parameters, and then 2b and nP 
were fixed for finding the Rap factor (see Table 2). 

In the case of H 13co3-, (6) improves the fit for the mass 
recovery curve at some cost of the concentration curve 
(compare Figures 6 and 10). It also confirms high and fast 
losses of that substance in comparison with 1- (k\, k\lk2 , 

and Rap distinctly greater than for 1-). 
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Fig. 10. Fitting of (6) for H 13C03 with additional fitting of the 
mass recovery curves (parameters given in Table 2). 

The fissure porosity nj and fissure apertures 2b given in 
Table 2 do not differ essentially from those of Table I, which 
means that in this case both (6) and (12) seem to yield fissure 
parameters, llj and 2b, satisfactorily, but (6) undoubtedly 
yields more proper values of matrix parameters. However, 
the upper range of the matrix porosity nP presented in Table 
2 for D20 and I- is evidently too high. Assuming that the 
transit times of water, t 0 , given in Table 2 are more correct 
than those in Table 1, one has to accept the tortuosity factor 
in (16) as being close to 1.5 and reject the higher value. This 
rejection seems to be theoretically justified because in the 
derivation of (15) both the tortuosity resulting from the 
existence of the network of fissures and the tortuosity of 
particular fissures were already allowed for, leading to the 
power of the Tj factor. In consequence the acceptance in our 
previous works of a possible experimental r1 value equal to 
2.5 in the model in which r} appears was most probably in 
error because this value already results from the model, i.e., 
Tj = 1.52 = 2.5. The lower range of the fissure porosity 
obtained from (14) under the assumption of h == 32.8 m 
(aquifer thickness) may also be questioned, and probably 
h = 15 m (length of screen in the pumping well) should be 
used as a more realistic value, which yields nj == 0.0027. 
When k10 = 4 m/d, TJ = 1.5, and nj = 0.0027 are used in (16) 
and (18), the fissure aperture determined from D 20 data is 
250 JLm, and matrix porosity is 0.39. This matrix porosity is 

TABLE 2. Parameters Obtained From Equation (6) With Additional Fitting of the Recovery and Assuming RaJ = 1.0 

to, 
Tracer hours Pe-l 

D20 0.64 0.02 
Uranine 0.95 0.015 
I- 0.80 0.02 

0.64 0.02 
H 13co; 0.64 0,02 

0 Equation (14) for h "' 15-32.8 m. 
"Equation (16). 

Fitted Parameters 

a, 
hours -l/2 

k',, 
hours- 1 

2.4 
0.8 
1.9 0.06 
2.5 0.05 
2.5 0.72 

cEquations (17) and (18). 
"Taken as that value giving a reasonable np value for D20. 
"Taken from D20 data for 2b ""250 p.m. 
!Assumed. 
RCnlculated from equation (9) with the aid of equation (17). 

Calculated Parameters 

k2, 
hours- 1 

nr, a 2b,b n", c 

% p.m % Rap 

0.12~.27 250--710 39-79 UY 
0.18~.40 200--580 29-58 UY 

0.01 
0.007 

0.15~.34 22<ki40 36-73 l,of 
0.12~.27 250d 39. }.7R 

0.1 0.12~.27 250d 39" 2.78 
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closer to the typical average value of matrix porosity (0.40) 
for chalks and marls than the values for D20 given in Tables 
1 and 2. However, such an interpretation for uranine yields 
matrix porosity values even smaller than the already l?w 
values given in Tables 1 and 2. In other words, the uramne 
behaves as if it were delayed in the fissures (R<if > 1) and not 
adsorbed in the matrix (Rap = 1, kt = k2 "" 0). This 
phenomenon remains unclarified. 

It should be remembered that for both I- and H 13 CO) the 
reaction "constants" are bulk parameters defined by the 
model and they do not supply information on the physical or 
chemical processes of the involved reactions. This restric­
tion is especially true for the discussed substances, as 
Behrens [1985] for r- and Mozeto et al. [1984] for H 13C03-
proved that the behavior of both of these tracers in ground­
water systems is very complex. On theoretical and experi­
mental grounds, Valocchi [1986] concluded that in most 
cases the nonequilibrium effects are limited to a very fast 
flow close to pumping wells. On the other hand, Mozeto et 
al. (1984] found that in some cases H 13 C03- was not 
equilibrated with the solid phase even after 800 hours. No 
definite conclusions in this respect can be drawn from the 
data of the present work, though the rate constants for 
H 13C03 presented in Table 2 suggest a dominant role of 
relatively fast non equilibrium reactions; however, these 
reactions are not fast enough to treat H 13C03- as being in 
equilibrium. 

Intrinsic Dispersivity and Its Relation 
to Rock Characteristics 

The intrinsic dispersivity is defined here as that which 
would be observed in th case of no diffusion (np and/or D P = 
0) and no sorption. The interpretation performed above with 
the aid of (6) and (12) was based on a tacit assumption of 
negligible dispersion caused by nonideal injection. Guvan­
asen and Guvanasen [1987] showed that if the volume of 
injected tracer and chase fluids is spread too far around the 
injection well, the observed dispersivity increases. Accord­
ing to Garnier et al. [1985], tracer and chase fluid volumes 
were 0.06 m3 for D20 and H 13C03- and 0.10 m3 for I- and 
uranine. The length of the screened part of the injection well 
was 10 m, which for n1 = 0.0027 yields a radius of the 
injected volume of about 0.8-1.1 m. Even if a part of the 
injected fluid was initially left in the injection well (the well 
diameter was not reported by Garnier et al.), the estimated 
radius seems to be very large in comparison with the 
obtained dispersivity of about 0.2 m (Div = x Pe-1 = 10.22 
m x 0.02 = 0.2 m). Therefore it is necessary to consider how 
the nonideal injection influenced the obtained value of the 
dispersivity. Any additive distributions have additive vari­
ances. Thus 

(24) 

where o} is the total variance of the tracer concentration 
curve which would be observed in the case of nondiffusive 
and nonsorbable tracer, o-~i is the variance of the tracer 
distribution caused by a finite injection volume, and aiue is 
the variance caused by intrinsic dispersivity, uninfluenced 
by the nonideal injection. Assuming a rectangular shape of 
tracer distribution along the flow line at the time ofinjection, 
the space variance caused by the injection is easily obtained 
from the definition of variance which yields 

afnj,x = R 2/3 (25) 

where R is the radius of the injected fluid volume. The time 

variance is 

2 2 2 _ 2 2 ) 2 _ 2R2f (3 2) (26) 
O"ifli = O"il\i)v - t,Pinj x - to X 

which for R = 1.1 m, t
0 

= 0.64 hour, and x = 10.22 m gives 
about 0.0016 hour2 • The total variance for the ordinary 
dispersion model (no diffusion and no sorption) is related to 
the Pe number by a well-known formula [e.g., Kreft and 

Zuber, 1978], 
2 =2t2 Pe- 1 

O"t o (27) 

and equal here to 0.016 hour2
• The true variance caused by 

only intrinsic dispersivity is obtained then from (24), 

O'true = 0.016- 0.0016 = 0.014 hour2 
(28) 

and the true Pe number is obtained by again applying (27), 

Pet;u! = atru.J(2t;) = 0.018 (29) 

Obviously, the nonideal injection in that particular case 
had little influence on the observed value of the Peclet 
number and consequently on the obtained value of the 
intrinsic dispersivity. A low value of the intrinsic dispersiv­
ity suggests that the investigated system is not highly disper­
sive for hydrodynamic reasons. Consequently, the obtained 
dispersivity may serve for the estimation of the upper limit of 
the fissure distribution variance. 

Flow of nonsorbable and nondiffusive tracer through a 
network of parallel fissures with a lognormal distribution of 
diameters or apertures having variance a 2 produces a time 
tracer curve with variance given by [Neretnieks, 1983] 

(a/10 )
2 = exp [(2ln 10)2

0"
2]- 1 (30) 

By comparing (30) and (27) and rearranging, one gets 

a 2 =In (1 + 2 Pe - 1)/(2ln 10)2 (31) 

If Pe is thought of as a measure of the fissure aperture 
distribution, (31) yields d2 < 0.002 for Pe- 1 = O.ol8, which 
means that the discussed distribution is rather narrow and, 
consequently, the single-fissure approximation should be 
particularly acceptable. It remains an open question how the 
single-fissure approximation works for systems of high in­
trinsic dispersivities, i.e., for systems having a broad distri­
bution of fissure apertures, though examples given by Mal­
oszewski and Zuber [1985] seem to indicate that such 
systems are also interpretable. 

It is self-evident that (31) is applicable only if the intrinsic 
dispersivity is used. Models which treat the observed dis­
persivity as the result of fissure distribution, without consid­
ering the additional dispersion caused by matrix diffusion, 
are unacceptable and cannot yield consistent results (see 
Figures 1 and 11). In this respect some remarks on other 
models applied to the same tracer data, or to other tracer 
data obtained in the same experimental field, are unavoid­
able. 

Garnier et al. [1985] interpreted the experimental curves 
shown in Figure 2 by the method of moments based on the 
ordinary dispersion model. Theoretically, if flp > 0 and D P > 
0, neither the first nor the second moment exists for a single 
fissure, whereas experimentally, as a result of strong tailing 
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Fig. 11. Tracer and mass recovery curves for D20 (solid lines) 
from Figure 7 compared with theoretical tracer curves (dashed) 
obtained for t0 = 0.64 hour, Pe-l "" 0.02 (intrinsic dispersivity), and 
a 0 (i.e., tracer and mass recovery curves which would be 
observed in the case of zero matrix porosity). 

effects, both moments are practically unmeasurable. With­
out a proper mathematical model, Garnier et al. (1985], 
though fully aware of the matrix diffusion effects, were 
unable to get the true values of parameters. The convective 
transit times (tc in the discussed paper, t 0 here ) for 
particular tracers were estimated to be between 1.5 and 2.5 
hours, and dispersivities between 0. 74 and 1.02 m, which 
compare poorly with the intrinsic dispersivity of 0.2 m 
obtained here. In a later work, Wang et al. [1987], without 
mentioning matrix diffusion effects, interpreted the same 
experiment by choosing arbitrarily only the uranine tracer 
curve and arrived at dispersivities between 0.42 and 0.54 m. 
Undoubtedly, both Garnier et al. [1985] and Wang et al. 
(1987} wanted to obtain the intrinsic dispersivity (dispersiv­
ities estimated by Garnier et al. directly from the tracer 
curves were even I order of magnitude larger) and arrived at 
reasonable values by choosing the least diffusable tracer and 
rejecting the tailing part of the tracer curve. However, 
examples shown in Figures 1 and 11 prove that such an 
approach is in principle unacceptable. Figure 11 shows a 
comparison of concentration and mass recovery curves for 
the discussed experiment. The diffusion curves are those 
observed for D20 (Figure 7), and the nondiffusive curves are 
those which would be observed in the case of nP or DP = 0. 
The diffusive curves interpreted by the SFDM have the same 
intrinsic dispersivity (0.2 m) as the nondiffusive curves, but 
their higher spread results from diffusion into the porous 
matrix. If these curves were interpreted by the ordinary 
dispersion model (i.e., dispersion equation without diffusion 
term for the matrix), the observed apparent dispersivity 
would differ from the intrinsic dispersivity and would not be 
a model parameter because its value would also depend on 
the scale of the experiment and flow velocity (or t 0 ). Mal­
oszewski and Zuber [1985] have already pointed out that 
only if the a parameter is very low (i.e., either nP is low or 2b 
large, or both) may the ordinary dispersion model be used 
for short-term experiments, but then only t0 and Pe are 
obtainable in approximation, and the information on the 
matrix parameters is lost. 

In a recent paper, earlier [1988] reported another tracer 
experiment performed in the same experimental field. Un-

fortunately, the experimental tracer curve was not pre­
sented, but from the data given in Table 1 of that paper one 
can guess that uranine or another, even less diffusable tracer 
was used. The model developed by Carlier does not take into 
account the diffusion of tracer into the matrix. Thus its use 
for the prediction of pollutant movement may lead to a 
serious error. In that particular case, as the experiment was 
very short and the tracer used was of a low-diffusion 
coefficient, the obtained mean transit time of the tracer was 
relatively close to the mean transit time of water, and the 
estimated dispersivity was also relatively close to the intrin­
sic dispersivity. Both would be far from the true mean travel 
time and dispersivity of a pollutant in a larger-scale move­
ment, because then the diffusion into the matrix plays a 
dominant role, and the mean velocity of nonsorbable solute 
is (np + nf)/nf times slower than the mean velocity of water 
[e.g., Neretnieks, 1980; Maloszewski and Zuber, 1984, 
1985]. 

CONCLUSIONS 

The model of a single fissure with a constant aperture 
undoubtedly differs from reality (see, for example, Tsang 
and Tsang [1987] for variations in fissure apertures). How­
ever, it works surprisingly well, as has already been shown 
for nonsorbable tracers in an earlier paper [Maloszewski and 
Zuber, 1985}. Within this work the model is extended to 
sorbable substances by adopting and incorporating the 
model of Cameron and Klute [1977], which couples an 
instantaneous equilibrium reaction governed by a linear 
adsorption isotherm with a nonequilibrium kinetic reaction 
of the first order. A new interpretational procedure, consist­
ing of an additional fitting of theoretical mass recovery 
curves to experimental data, yields more reliable parameters 
than the fitting procedure applied so far. The model is shown 
to be applicable to short-term tracer experiments by yield­
ing, for different tracers, consistent values of fitting param­
eters and reliable values of physical parameters from the 
interpretation of the multitracer experiment of Garnier et al. 
[1985], which involved two nonsorbable and two sorbable 
tracers. The experimental curves for the four different trac­
ers differ considerably from one another, which means that 
not the channeling effect (different flow velocities in fissures 
with different apertures) but the diffusion into the matrix is 
the dominant process responsible for the observed spread of 
the tracer curves. If the channeling effect were dominant, the 
tracer curves for different tracers would not differ consider­
ably. This argument seems to justify the applicability of the 
single-fissure dispersion model in short-term tracer experi­
ments in densely fissured rocks. A further argument results 
from the comparison of the tracer curves obtained for 
nonsorbable and sorbable tracers. As the model works very 
well for nonsorbable tracers and only reasonably well for 
sorbable substances, it may be concluded that for a proper 
description of sorbable solute transport an adequate formu­
lation of the reaction model is probably more important than 
the formulation of a fissure network. 

The model developed within this work is probably the 
simplest one available for the solute transport in a fissure in 
a microporous matrix. However, even this simple model, in 
the case of sorbable substances, is characterized by a larger 
number of fitting parameters and even by a large number of 
physical parameters. In order to reduce the number of fitting 
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parameters and to obtain the values of physical parameters 
characterizing the sorption process it is necessary to deter­
mine some other parameters independently, for example, 
from an experiment with a nonsorbable tracer, as shown 
within this paper. Obviously, it is unreasonable to expect 
more sophisticated models, as for instance the one devel~ 
oped by Tsang and Tsang [1987], to be applicable for the 
interpretation of trace experiments, especially as it is dif­
ficult to see how the matrix diffusion can be incorporated 
into these models "with very little added effort" [Tsang and 
Tsang, 1987, p. 474). Tsang and Tsang's model takes into 
account the real geometry of fissures and therefore must be 
characterized by a larger number of parameters, if diffusion 
and sorption are not neglected. 

APPENDIX: THE SOLUTION OF TRANSPORT 

EQUATIONS (1)-(4) 

By substituting (8) into (2) and defining 

(1)-(4) become 

v' = v!Raf 

D' =DiRaf 

n; npRaplRaf 

Dp=DpiRap 

(Al) 

(A2) 

(A3) 

(A4) 

ac1 aCJ a2c1 nf,D; acP 
- + v' -- D' -~ - ----1 = b ""0 (A5) 
Dt ax ax- b ay Y 

acP flcp (1- np)P aq2 
--D(,-2 + -=0 (A6) 
i:Jt iJy llpRap i!t 

aqz 
-::::: k c - k q (A7) at ( 1 - np)P 1 P z 2 

Applying the Laplace transforms to (A5)-(A7) and next 
solving the transformed (A7) and substituting it into (A6), 
one gets, instead of (A6) and (A7), 

s(l +_!i_) c - D' d
2

cP "'o 
s + k2 P · P dy2 

where s is the Laplace variable with respect to time. 
A general solution to (A8) is 

Cp =A 1 exp frt(y b)]+ Az exp [r2(y- b)] 

where r1 and r2 are 

(A8} 

(A9) 

(AlO) 

For the boundary conditions discussed earlier one gets 

CJ exp [ - (s(s + kz + k{)) 1/2 (y- b)] 
(s + kz)D~ (AU) 

dcp I . = --c,(s(s + k2 + ki)) 112 (A12) 
dy [ y = b (s + kz)D; 

Equation (Al2) substituted into the transformed (A5) gives 

_ [n;,n; (s(s + k2 + k!)) 112 
+ .:_]c = 0 

bD' (s + k2)D; D' f (AI3) 

which has a general solution given by 

cf = A3 exphx) ..~- A4 exp(r4x) (A14) 

where r3 and r4 are the square roots of the equation 

v' [n/;Df, (s(s + k2 + ki)) 
112 

, s 1_ 
r2 - D' r- bD' (s .,_ k2) D~ - D' J- 0 (Al5) 

and are represented by 

v' v' 
-+-
2D'- 2D' 

• { 1 + 4D' [np(Dp) 112 (s(s + k2 + kl) 112 .,.. s]} 112 (Al6) 
(v') 2 b s+k2 

Applying the boundary conditions and v'JD'=v/D, one 
gets 

_ M (vx) 
cJ(S) = exp -

Q 2D 

· exp {-.::::. [1 -r 
4
D' (s + 2a(s ..~- ~) 

112

)] 

112

} 
2D (v') 2 s + k2 

(AI7) 

Equation (A17) is the Laplace transform of the sought 
solution for the tracer concentration in water outftowing at 
the end of the fissure. Obtaining the inverse can be made 
easier by applying the following expression [Gradshteyn and 
Ryzhik, 1980]: 

exp (-8) = (2/rr 112
) i"" exp[-j9 2 - (0.511iJ3) 2] d/3 (Al8) 

where (-e) is the argument of the second exponential in 
(Al7). By substituting (A18) for the second exponential in 
(Al7), applying s' = s + k2 and t~ = xlv', and rearranging, 
one gets 

_ M 2 (vx) c.r{s) = -172 exp -
Q 1r 2D 

· ("" exp [-{3 2
- ~ (:!!_- kzt')] Jo 4D{3 2 4D 0 

(Al9) 

The inverse transform can be found similarly as in the 
work by Klotz et al. [19881 by applying the inverse of the 
following imaginary function [Carnahan and Remer, 1984]; 
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which is 

dT 
· I 1{2[{3 2T(t- T)] 112} 

112 T(t- T) 
(A21) 

where I 1 is the modified Bessel function of the first kind of 
the first order. Now by making use of the following• proper­
ties of the Laplace transforms, 

1\ 
F(s + a) f(t)exp( -at) 

1\ 
F(s)exp(- ws) = f(t) t > w 

F(s)exp(- ws) ~ 0 t < w 

and taking w = vxt~l (4D{32), which gives for t > w 

f3 > [vxt~/(4Dt)] 112 

and inserting 

a= kz 

7J = vxat~l (2Df3 2) 

.81 kf- kz 

.82 = k{kz 

.83 0 

(A22) 

(A23) 

(A24) 

(A25) 

(A26) 

(A27) 

(A28) 

(A29) 

one obtains, after changing the integration variable and 
rearranging, the final solution given by (6). 

NOTATION 

D dispersion coefficient in fissures, L 2/T. 
D' reduced dispersion coefficient (equation (A2)), L 2 IT. 
Dp coefficient of molecular diffusion in stagnant water 

in matrix, L 2/T. 
D~ reduced coefficient of molecular diffusion in 

stagnant water in matrix (equation (A4)), L 2/T. 
D11 coefficient of diffusion in free water, L 2/T. 

Dlv intrinsic dispersivity in fissures, L. 
Dl (vx) dispersion parameter, equal to liP e. 

K permeability coefficient, L 2• 

M mass or activity injected, M or Bq. 
Pe Peclet number, equal to vx/D. 
Q volumetric flow rate through system (pumping rate), 

L 3/T. 
R radius of the volume occupied by injected fluid, L. 

RaJ retardation factor caused by instantaneous 
equilibrium sorption in fissure. 

Rap retardation factor caused by instantaneous 
equilibrium sorption in matrix. 

a fitting parameter given by (9) or (13), r- 112
• 

b half-fissure aperture, L. 

cf tracer concentration in water in fissures, MIL 3 or 
Bq/L 3• 

cP tracer concentration in water in matrix, MIL 3 or 
Bq/L 3

• 

de diameter of capillaries in matrix, L. 
h thickness of aquifer, L. 

ka distribution coefficient for tracer concentration in 
solid phase expressed per unit rock surface, L. 

kd distribution coefficient, L 3/M. 
k3 distribution coefficient for instantaneous equilibrium 

in matrix, L 3 IM. 
k1 forward rate constant, T-1• 

ki reduced forward rate constant (equation (7)), T- 1• 

k2 backward rate constant, T- 1• 

k10 hydraulic conductivity at 10°C expressed in m/d, 
LIT. 

nf fissure porosity. 
nP matrix porosity. 
n~ reduced matrix porosity (equation (A3)). 
q1 tracer concentration in solid phase governed by 

instantaneous equilibrium, MIM or Bq/M. 
q2 tracer concentration in solid phase governed by 

first-order nonequilibrium kinetic reaction, MIM or 
Bq/M. 

qs tracer concentration in solid phase expressed per 
unit rock surface, MIL 2 or Bq/L 2 • 

r,. mean grain radius of ith fraction of grain size curve, 
L. 
time variable, T. 

t 0 mean transit time of water, T. 
t~ reduced mean transit time of water (equation (11)), 

T. 
v mean flow velocity, LIT. 

v' reduced mean flow velocity (equation (Al)), LIT . 
x distance at which tracer is measured, L. 
y space coordinate perpendicular to fissure extension, 

L. 
15 constrictivity factor. 

vi weight fraction of ith fraction of grain size curve. 
p density of the matrix material, MIL 3• 

u 2 variance of fissure apertures in lognormal 
distribution. 
time variance of tracer distribution caused by 
nonideal injection, T2• 

space variance of tracer distribution caused by 
nonideal injection, L 2• 

uf total time variance of tracer distribution in case of 
no diffusion into matrix and no adsorption, T2 • 

time variance of tracer distribution caused by 
intrinsic dispersivity only, T2• 

TJ tortuosity factor for fissures. 
Tp tortuosity factor for micropores. 

cf:l 1 mass transfer of solute (tracer) between liquid and 
solid phases in matrix governed by linear 
adsorption isotherm and instantaneous equilibrium, 
T-1 orBqM-1T-1• 

cf:l2 mass transfer of solute (tracer) between liquid and 
solid phases in matrix governed by first-order 
nonequilibrium kinetic reaction, r- 1 or BqM-lT-1• 
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